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The putative generalization of the thermodynamic uncertainty relation (TUR) to underdamped
dynamics is still an open problem. So far, bounds that have been derived for such a dynamics
are not particularly transparent and they do not converge to the known TUR in the overdamped
limit. Furthermore, it was found that there are restrictions for a TUR to hold such as the absence
of a magnetic field. In this article we first analyze the properties of driven free diffusion in the
underdamped regime and show that it inherently violates the overdamped TUR for finite times.
Based on numerical evidence, we then conjecture a bound for one-dimensional driven diffusion
in a potential which is based on the result for free diffusion. This bound converges to the known
overdamped TUR in the corresponding limit. Moreover, the conjectured bound holds for observables
that involve higher powers of the velocity as long as the observable is odd under time-reversal.
Finally, we address the applicability of this bound to underdamped dynamics in higher dimensions.
I. INTRODUCTION
A recent result in stochastic thermodynamics [1] is
the thermodynamic uncertainty relation (TUR) [2–4]. It
bounds the precision of any current by the mean rate of
entropy production σ of the system in the steady state.
This bound embodies the intuitive picture that increas-
ing the precision of currents comes with the cost of higher
dissipation. In detail, the TUR states
Q(T ) ≡ (T )2σT ≥ 2kB (1)
for the uncertainty (T ) of a time-integrated current
Y (T ) measured up to time T . The uncertainty (the in-
verse precision) (T ) is defined as
(T )2 ≡ Var[Y (T )]〈Y (T )〉2 (2)
where 〈·〉 denotes the ensemble average taken over the
steady state and Var[Y ] is the variance of Y . In the
following, we will refer to the quantity Q(T ) as the un-
certainty product.
The TUR was first proven for continuous-time Marko-
vian dynamics in the long-time limit for discrete states [3]
and for overdamped continuous states [5, 6] exploiting the
level 2.5 large deviation functional [7–10]. Later, the va-
lidity of the TUR was extended to finite times T [11, 12],
as presented in Eq. (1).
The significance of the TUR is not only of a theoretical
nature. It also has practical implications from a more ap-
plied point of view. For example, the TUR has been used
to derive an upper bound on the efficiency of molecular
motors [13] and of heat engines [14]. While the original
TUR in (1) holds for systems in a steady state, modified
versions of the TUR for systems with a transient initial
condition [15, 16] and periodically driven systems [17–20]
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have also been derived. Furthermore, quantum versions
of the TUR have been considered (see e.g. [21–24]).
Attempts to generalize the TUR to other, non-current
observables showed that the choice of the observable Y
is crucial. For overdamped Langevin systems described
by the degrees of freedom x(t), the TUR holds for time-
integrated currents of the form
Y (◦) (T ;w(x)) =
∫ T
t=0
w(x(t)) ◦ dx(t) (3)
with an arbitrary weight function w(x). Here, ◦ de-
notes an integration in the Stratonovich sense. As ap-
propriate for a current, the sign of Y is reversed under
time-reversal. For observables that are symmetric under
time-reversal, the relation (1) does not hold. Instead, the
precision is bounded by another quantity that measures
the activity of the dynamics [25, 26].
The validity of the TUR for systems with degrees of
freedom that are odd under time reversal still remains
an open problem. Prominently, such systems include un-
derdamped Langevin systems in which the velocity must
be reversed under time reversal. Although bounds have
been derived for such a dynamics [27–30], they are not
as transparent and often not as tight [30] as the origi-
nal, overdamped TUR, Eq. (1). Moreover, recent results
showed that the original TUR does not hold in general
for underdamped dynamics. First, it has been argued
that the weight function w in the time-integrated ob-
servable Y can depend on all degrees of freedom, in par-
ticular on the velocity [29]. In this case the weight can
be chosen in a way that renders the observable Y even
under time-reversal. As for overdamped motion, the un-
certainty product can become smaller than the original
TUR for such time-symmetric observables. Second, gen-
eralized forces that depend not only on the position but
also on the velocity can lead to a smaller uncertainty
product [30, 31]. One example for such generalized forces
is the Lorentz force induced by a magnetic field. Third,
for finite times the uncertainty product falls below the
overdamped TUR [29].
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2In spite of the fact that the TUR has not been proven
for general underdamped dynamics, no counterexamples
are known in the long-time limit [27] as long as the acting
forces do not depend on the velocity [31]. Its validity in
this limit has been proven only in the linear response
regime in absence of a magnetic field that breaks the
reversibility of the dynamics [22, 32]. Even though the
TUR has not been proven for underdamped dynamics,
we call it a “violation of the TUR” if Eq. (1) does not
hold.
In this paper, we will address the issue of an un-
derdamped TUR in more depth. First, we show that
the finite-time behavior of the underdamped uncertainty
product Q is inherently different compared to the over-
damped case. In more detail, Q is generally linear for
small times and thus violates the overdamped TUR.
We then consider free diffusion with drift for observ-
ables that are both even and odd under time reversal.
Whereas the uncertainty product of even observables be-
comes zero in the linear response limit, odd observables
show a finite minimum. By extensive numerical simu-
lations, we conjecture that the uncertainty product for
odd observables in driven underdamped diffusion across
a one-dimensional potential is bounded from below by the
corresponding value of free diffusion. This free diffusion
bound (FDB) captures the short-time behavior in the
ballistic regime. For large times or in the overdamped
limit, the overdamped finite-time TUR can be recov-
ered. Finally, we consider two-dimensional systems to
assess the validity of the conjecture for multi-dimensional
Langevin dynamics.
II. UNDERDAMPED DYNAMICS
A. Equations of motion
The dynamics of an underdamped particle of mass m
with friction coefficient γ and constant temperature T is
described by the Langevin equation
x˙(t) = v(t),
mv˙(t) = F (x(t))− γv(t) + ξ(t) (4)
where x is the position of the particle, v is its velocity,
and F (x) ≡ −∇xV (x) + f is the force that stems from
a conservative potential V and some external driving f .
Finally, ξ denotes the fluctuating force characterized by
independent, zero mean Gaussian white noise with cor-
relations 〈ξi(t)ξj(t′)〉 = 2Tγδ(t − t′)δij where i and j
are Cartesian indices. Here and in the following, we set
the Boltzmann constant to unity, kB = 1. We further
assume that the system relaxes to a (non-equilibrium)
steady state in the long-time limit.
Along the stochastic trajectories of the particle, the
first law of (stochastic) thermodynamics represents en-
ergy conservation. The rate of change of the internal
energy U of the particle is given by [33]
U˙(t) = mv(t)◦v˙(t)+∇xV (x(t))·v(t) = Q˙(t)+W˙ (t) (5)
where we have identified the rate of heat exchanged with
the medium as
Q˙(t) = v(t) ◦ (−γv(t) + ξ(t)) (6)
and the rate of work done on the particle as
W˙ (t) = f · v(t). (7)
When driven out of equilibrium by a finite force f , the
system permanently dissipates heat into the surrounding
medium through friction. This non-equilibrium character
is captured by the mean entropy production rate
σ = − 1
T
〈Q˙〉 = 1
T
〈f · v〉. (8)
Here, the last equality follows from equation (5) where we
use that in the steady state the internal energy becomes
constant on average.
Extending the notations from the original, overdamped
TUR, we consider time-integrated observables of the form
Y (◦)(T ; w˜(x,v)) =
∫ T
t=0
w˜(x(t),v(t)) ◦ dx(t) (9)
where we can replace the Stratonovich integration ◦ dx(t)
with the regular Riemann integration v(t)dt. As a result,
the observable Y (◦) becomes the regular integral
Y (T ;w(x,v)) ≡
∫ T
0
w(x(t),v(t))dt (10)
along the trajectory (x(t),v(t)) with weight
w(x,v) ≡ w˜(x,v) · v. (11)
In analogy to the overdamped results, we for now allow
the weight function to depend on all degrees of freedom,
especially the velocity. An example for such an observ-
able is the integrated work up to time T , Eq. (7), with
w(x,v) = f · v.
For such an observable, Eq. (10), the uncertainty prod-
uct
Q(T ;w(x,v)) ≡ Var[Y (T ;w(x,v))]〈Y (T ;w(x,v))〉2 σT (12)
involves the first and second moment of Y . It is worth
noting that a constant factor in the weight does not
change the uncertainty product.
While the first moment can be calculated from the
steady state distribution directly, calculating the second
moment is more involved. Its time evolution follows the
ordinary differential equation
d
dT 〈Y
2〉 = 2 〈Y w〉 . (13)
3Here, the arguments of Y and w are dropped for better
readability. The time evolution of the average on the
right hand side can, in turn, be calculated using Itoˆ’s
Lemma. After inserting the Langevin equation (4) and
using that ensemble averages containing the fluctuating
force in first order vanish, we arrive at
d
dT 〈Y w〉 =
〈
w2
〉
+ 〈Y (∇xw)v〉 (14)
+
1
m
〈Y (∇vw) (F (x)− γv)〉+ Tγ
m2
〈Y ∆vw〉
where the gradient with respect to x and v, respectively,
is denoted as ∇x,v, and ∆v ≡
∑
i ∂
2/∂v2i is the Laplace-
operator with respect to the velocity.
B. Short-time behavior
The inertia of underdamped motion has significant im-
pact on the uncertainty product Q of an observable.
In contrast to overdamped motion, it introduces a non-
linear time-dependence in the variance of Y . This can
be shown by taking the time derivative on both sides of
Eq. (13) and, subsequently, plugging in Eq. (14). Since
Y vanishes for T = 0 by definition, all ensemble averages
involving Y vanish as well. Consequently, the variance
simplifies to
Var [Y (T ;w(x,v))] = Var [w] T 2 +O(T 3). (15)
This quadratic dependence is a result of the determinis-
tic equation of motion for x which results in a ballistic
regime for short times. For longer times, the effect of the
noise enters and the velocity decorrelates thus giving rise
to the expected linear behavior of the variance.
The ballistic regime in the variance of Y also changes
the characteristics of the uncertainty , Eq. (2). While
in the overdamped limit the uncertainty scales with T −1
for all times, for underdamped dynamics it is of order
one in the ballistic regime. As a result, the uncertainty
product generally becomes linear
Q(T ;w(x,v)) = Var[w]〈w〉2 σT +O(T
2) (16)
thus violating the overdamped TUR and even approach-
ing 0 in the limit T → 0. The reported violations of
the overdamped TUR for the (odd) particle current in
Ref. [29] can be attributed to this effect.
C. Relation to a bound based on the detailed
fluctuation theorem
On first sight, the linear order of Q in time seems
to contradict a proof of the overdamped TUR for small
times that is solely based on the detailed fluctuation theo-
rem for entropy production [11]. This proof can, however,
not be generalized to underdamped motion as the total
entropy production does not follow a detailed fluctuation
theorem in a non-equilibrium steady state (NESS).
In underdamped dynamics, the entropy production of
a certain trajectory ΓT = {(x(t),v(t))|t ∈ [0, T ]} can be
written as
∆S[ΓT ] = ln
P[ΓT ]
P†[Γ†T ]
(17)
with the time-reversed trajectory Γ†T = {(x(T −
t),−v(T − t))|t ∈ [0, T ]}. As usual P and P† denote the
path weights associated with a certain trajectory under
the original dynamics and its time-reversed complement,
respectively. To get the correct stochastic contribution
to the entropy production, the complement path weight
P† must be chosen as [34]
P†[Γ†T ] ≡ P[Γ†T |(x(T ),−v(T ))] p(x(T ),v(T )). (18)
In particular, the initial probability of the comple-
mentary weight is given by the final distribution
p(x(T ), v(T )) of the original process. Since P† 6= P due
to the different initial probabilities, a detailed fluctua-
tion theorem does not follow directly from the definition
of the entropy production, Eq. (17), in contrast to the
overdamped case.
In principle, it is possible to follow the proof of the
short-time version of the TUR in [11] with another irre-
versibility measure given by
∆Ψ[ΓT ] ≡ ln P[ΓT ]P[Γ†T ]
. (19)
This functional involves the time-reversed trajectory Γ†T
and a complementary path weight given by P as for the
forward process. From this definition, a detailed fluc-
tuation theorem follows directly. The functional ∆Ψ
coincides with the entropy production in the long-time
limit, where the boundary terms become irrelevant. In
the short-time limit, however, this irreversibilty measure
converges to the finite value
lim
T→0
∆Ψ[ΓT ] = ln
p(x(0),v(0))
p(x(0),−v(0)) (20)
that involves only the initial distribution. Iterating the
same steps as described in Ref. [11] results on the follow-
ing bound on the precision
Var[Y (T )]
〈Y (T )〉2 ≥
2− 〈∆Ψ(T )〉
〈∆Ψ(T )〉 . (21)
This bound is valid for non-equilibrium steady states and
for all times T .
Unfortunately, the result is trivial in both the long-
time and the short-time limit. As heat is constantly dis-
sipated in the medium in a NESS, the irreversibility mea-
sure 〈∆Ψ(T )〉 grows with time so that the right hand side
4of Eq. (21) eventually becomes negative. For large times,
the bound thus reduces to a trivial statement. For small
times, the mean irreversibility can be calculated by tak-
ing the average of Eq. (20) which can be identified as the
Kullback-Leibler divergence between the initial distribu-
tion and its v-reflected counterpart. In a NESS, where
currents do not vanish, the distribution of v for fixed x
becomes asymmetric. As a result, the Kullback-Leibler
divergence can grow beyond any value when the driv-
ing increases and the right hand side becomes negative,
which also renders this bound trivial. Overall, no univer-
sal insight can be gained from the irreversibility bound,
Eq. (21).
III. FREE DIFFUSION AS A PARADIGMATIC
EXAMPLE
To further investigate the behavior of the uncertainty
product Q, Eq. (12), we consider the arguably simplest
underdamped model: free diffusion in one dimension with
drift. This is diffusion without an external potential,
driven by a constant non-conservative force. The dynam-
ics is given by the one-dimensional Langevin equation (4)
and a constant force F (x) = f . We project the motion
in x on a ring with perimeter 2pi to get a unique steady
state. As before, the initial conditions are sampled from
the steady state distribution
pss(x, v) =
1
2pi
√
m
2piT
exp
[
− m
2T
(
v − f
γ
)2]
. (22)
For the remainder of this manuscript, we restrict our-
selves to the class of observables
Yn(T ;w(x)) ≡ Y (T ;w(x)vn) =
∫ T
0
w(x)vndt (23)
and call the exponent n ∈ N the v-order of the observable.
The corresponding uncertainty product for a current Yn
is defined as
Qn(T ;w(x)) ≡ Q(T ;w(x)vn). (24)
Since we want to discuss the dependence on the external
force, we write Qfn in the following with a superscript f
that indicates this parametric dependence.
By choosing w(x) = 1, all moments occurring in the
uncertainty product Qfn(T ; 1), Eq. (24), can be calcu-
lated analytically. The first moment of Yn is simply
given by 〈Yn(T ; 1)〉 = 〈vn〉 T where the ensemble average
can be evaluated using the steady state distribution (22).
The second moment is defined by Eqs. (13) and (14). Af-
ter inserting the corresponding weight w(x, v) = vn, we
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FIG. 1. Uncertainty product of free diffusion Qfn(T ; 1) as de-
fined in equation (24) for observables of the form Yn(T ; 1) (see
Eq. (23)) with n ∈ {1, 2, 3, 5} plotted against dimensionless
time τ = γT /m. The solid lines are the results for different
forces f while the colors encode the v-order n. The thick black
line is the exact result for n = 1 which is independent from
the applied force, see Eq. (27). The thick lines in the n = 3
set and n = 5 set correspond to the minimized uncertainty
product, Eq. (28) and (30), respectively. The thick line in the
n = 2 set corresponds to the limit f → 0 where Q02 is zero for
all τ .
obtain the time evolution of the second moment as
d
dT
〈
Y 2n
〉
= 2 〈Ynvn〉 (25)
d
dT
〈
Ynv
j
〉
=
〈
vn+j
〉− j
m
(
γ
〈
Ynv
j
〉− Fext 〈Ynvj−1〉)
+ j(j − 1)Tγ
m2
〈
Ynv
j−2〉 for 1 ≤ j ≤ n
(26)
where we dropped the arguments of Yn.
This recurrent set of ordinary differential equations can
be solved for any power n, beginning with the correlation
〈Yn(T ; 1)v〉 with j = 1. The corresponding integration
constants are fixed by the condition that for T = 0 all
correlations 〈Ynvj〉 vanish.
We start the analysis with the lowest v-order n = 1.
In this case, the observable Y1(T ; 1) corresponds to the
distance travelled in time T . The solution of the uncer-
tainty product for free diffusion according to Eqs. (25)
and (26) takes the form
Qf1 (T ; 1) = Q01(T ; 1) =
2
τ
(τ − 1 + exp[−τ ]) (27)
≈
{
τ τ  1
2 τ →∞
5with dimensionless time τ ≡ γT /m. Interestingly, the
uncertainty product does not depend on the force f .
As mentioned in Sec. II, the uncertainty product for
free diffusion (27) is linear for small times which is a
consequence of the ballistic evolution. For long times it
asymptotically approaches 2 from below. Consequently,
the overdamped TUR is violated for all finite times. How-
ever, if we consider the overdamped limit of (27) where
γ/m  1 we indeed recover the expected behavior for
overdamped free diffusion with the uncertainty product
reaching 2 for times τ  m/γ.
For a higher v-order, the uncertainty product for free
diffusion depends on the force f with a striking difference
for odd and even observables. First, we discuss the odd
case. As shown in Fig. 1, Qf3 decreases for f → 0 and
eventually converges to a finite limit given by
Qf3 (T ; 1) ≥Q03(T ; 1) (28)
=
2
τ
(
11
9
τ − 29
27
+ e−τ +
2
27
e−3τ
)
as indicated by the thick line in Fig. 1.
The minimum of the uncertainty product of free dif-
fusion Q03(T ; 1) with an observable of order n = 3 has
similar properties as the n = 1 uncertainty product. In
particular, it is linear for small times and converges to a
finite long-time limit
Q03(T ; 1) ≈
{
5
3τ τ  1
22
9 τ →∞.
(29)
The steeper slope for small times and the larger value
in the long-time limit compared to Q01 is due to the fact
that the higher exponent in the weight increases the con-
tribution of events in the vicinity of the typical value,
thus increasing the variance of the observable without
influencing its mean as strongly. This effect results in
the uncertainty product increasing faster in the ballistic
regime and in settling on a higher value in the long-time
limit. Consistently, Q03 is larger than Q01 for all times.
The qualitative observations made for the observable
scaling with v3 are valid for the observable Y5(T ; 1) with
n = 5 as well. The bright lines in Fig. 1 show the uncer-
tainty product over the dimensionless time τ for different
forces. Again, a minimum is obtained in the equilibrium
limit
Q05(T ; 1) =
2
τ
(
449
225
τ − 4447
3375
+ e−τ +
8
27
e−3τ +
8
375
e−5τ
)
≈
{
21
5 τ τ  1
898
255 τ →∞.
(30)
This result for n = 5 lies above the uncertainty product
for the lower v-orders Q03 and Q01.
For an even exponent n in the weight the results look
quite different, as plotted exemplarily for n = 2 in Fig. 1.
In contrast to the previously analyzed odd exponents, the
minimum of the uncertainty product in the limit f → 0
is 0 for all times. The reason for this behaviour has al-
ready been discussed in Ref. [29]. Since an observable
with even exponent is even under time reversal, the time-
reversed trajectory (x(T −t),−v(T −t)) of any realisation
yields the same value for the observable Y . This generally
leads to an non-vanishing mean value 〈Y 〉 in the equilib-
rium limit. As a result, the uncertainty  stays finite in
this limit and the uncertainty product Q approaches 0
when σ becomes smaller. In contrast, for an odd observ-
able, the time-reversed trajectory contributes the nega-
tive value and thus the original and time-reversed trajec-
tory cancel in the calculation of the mean when they are
equally probable. As a result, the uncertainty diverges
in the equilibrium limit ultimately leading to a non-zero
Q.
The conceptual difference between time symmetric and
antisymmetric observables is not unique to underdamped
dynamics. For a Markovian jump dynamics on a discrete
set of states the TUR holds only for odd, current-like ob-
servables. In this dynamics the precision of even observ-
ables, dubbed “traffic” or “frenesi”, is not bounded by the
entropy production but by the so-called time-symmetric
dynamical activity [25]. Our results for free diffusion
suggest that the same distinction is necessary for under-
damped dynamics as well. While the uncertainty prod-
uct of the considered odd, current-like observables is fi-
nite in the equilibrium limit and thus could be bounded
by some non-trivial function, observables that are even
under time-reversal approach Q = 0 in this limit. A re-
cent bound for underdamped Langevin dynamics which
involves the dynamical activity [27, 29, 30] is valid for
both even and odd observables but, unfortunately, is not
very tight. In the following we will focus on bounds for
current-like observables, searching for an underdamped
generalization of the overdamped TUR.
IV. A CONJECTURE BASED ON FREE
DIFFUSSION
As shown in Sec. III, the uncertainty product of free
diffusion becomes smaller than the original, overdamped
formulation of the TUR, Eq. (1) for all driving forces. In
contrast to the overdamped TUR, the results obtained
for free diffusion suggest that a putative bound should be
time-dependent to cover the linear regime of the uncer-
tainty product for small times. Consequently, the over-
damped TUR cannot be straightforwardly generalized to
underdamped motion.
A. The conjecture
Conceptually, the original, overdamped TUR can also
be interpreted as a bound generated by free diffusion.
One of the features of the original TUR for overdamped
dynamics is that it becomes saturated for free diffusion.
In the proof the TUR follows from a bound on the large
6deviation function (LDF) [12] or on the scaled cumulant
generating function [15]. In both versions, the bound-
ing function on the LDF (the generating function) is the
one from free diffusion. In this sense, one could also say
that the TUR states that the uncertainty product Q is
bounded from below by the uncertainty product of free
diffusion. The same interpretation holds for an approach
to the TUR that is based on a Martingale decomposi-
tion [35].
In extensive numerical simulations for diffusion in a
periodic potential we recognize the same relationship for
underdamped motion. In detail, we find that the uncer-
tainty product Qn(T ;w(x)) of an odd n-order current
Yn(T ;w(x)) = Y (T ;w(x)vn), n ∈ {1, 3, 5...} (31)
for a one-dimensional system described by the under-
damped dynamics (4) without forces that depend on the
velocity (e.g. the Lorentz force) is bounded from below
by the respective result for one-dimensional free diffu-
sion in the equilibrium limit with homogeneous weight
w(x) = 1
QF (x)n (T ;w(x)) ≥ Q0n(T ; 1). (32)
We will refer to this conjecture as the free diffusion bound
(FDB). The right hand side of (32) has been calculated
in Sec. III.
Most prominently, for the important class of currents
Y1 with v-order 1 the conjecture takes on the form
QF (x)n (T ;w(x)) ≥ 2−
2m
γT
(
1− exp[− γ
m
T ]
)
. (33)
In the following we will describe the system in more
detail and substantiate our conjecture by numerical data.
B. Driven diffusion in a periodic potential
We consider one-dimensional driven diffusion in a 2pi-
periodic potential V (x). The process is described by the
Langevin equation (4) with scalar variables x and v. The
spatial coordinate x is projected on a ring of perimeter
2pi to get a unique steady state. The potential consists
of sine and cosine modes up to second order and ran-
dom amplitudes c±i where the superscript + (−) denotes
the amplitude of the cosine (sinus) mode. In addition,
a constant force f is applied. We randomly choose 500
parameter sets (f ∈ [0, 3.5], T ∈ [0.5, 1.5], γ ∈ [0.5, 5],
c±i ∈ [−2, 2]) and sample at least 50 000 trajectories of
fixed length from the steady state for each set. The vari-
ance and mean value of the currents Y1(T ; 1) and Y3(T ; 1)
are then computed for constant time along the different
trajectories. Analogously, we extract the mean entropy
production rate σ by tracking the dissipation.
The simulation results for Y1 are summarized in the
upper panel of Fig. 2, where each thin line corresponds
to one parameter set. The result for free diffusion Q01,
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FIG. 2. Finite-time uncertainty product for different cur-
rents numerically evaluated for an underdamped particle on
a ring. The upper panel shows the data for the current
Y1(T ; 1) =
∫
vdt where each line corresponds to a diffusion
process in a random potential characterized by its ampli-
tudes c±i ∈ [−2, 2] and randomly sampled parameters with
f ∈ [0, 3.5], T ∈ [0.5, 1.5], γ ∈ [0.5, 5]. The conjectured
bound, Eq. (32), is plotted as solid black line, the (over-
damped) TUR and coincident the asymptotic behavior is in-
dicated by the dashed line. The lower panel shows the un-
certainty product for the current Y3(T ; 1) =
∫
v3dt and two
exemplary x-dependent currents (P1) and (P2) (see Eqs. (34)
and (35)).
Eq. (27) is plotted as thick, black line. Within the con-
sidered parameter range we see no violation of our con-
jecture, Eq. (32).
For n = 3 we can establish the same role of free diffu-
sion. In detail, the equilibrium limit of the uncertainty
product obtained for free diffusion Q03, see Eq. (28),
bounds the uncertainty product from below for all times.
We, again, validate this by randomly selecting 270 dif-
ferent parameter sets and plotting them as dark lines in
the lower panel of Fig. 2. To check that the conjecture
holds with x-dependent weights as well, we furthermore
evaluate the uncertainty product of the two currents
Y
(P1)
3 (T ) ≡ Y3
(
T ; 1 + 1
2
cos (2pix(t))
)
(34)
and
Y
(P2)
3 (T ) ≡ Y3
(
T ; cos (2pix(t))2
)
(35)
which are plotted as bright lines in the lower panel of
Fig. 2.
7V. CASE STUDIES IN HIGHER DIMENSIONS
So far, we have focused on one spatial dimension. In
higher dimensions, it is not obvious how to generalize
our conjecture, Eq. (32), as different velocities of differ-
ent directions can arise. The v-order of an observable
involving different spatial dimensions is ambiguous as it
can refer to either the overall order of all velocities or
that of just one specific direction. In the following we
will exemplarily study two different systems to examine
the applicability of the FDB to higher dimensions. We
emphasize that the results presented in the following are
not conclusive, yet, but are rather intended as a starting
point for further studies.
A. Underdamped diffusion on an torus
First, we consider driven diffusion in a two-dimensional
periodic potential, i.e. diffusion on a two-dimensional
torus. The process is described by coupled Langevin
equations for the variables x1,2 and v1,2 with periodic
boundaries along both spatial dimensions. We apply the
non-conservative force
F (x) = (c1 sin(x1 + x2), c2 cos(x1 − x2))T + f (36)
with parameters c1,2 and external driving f .
The time-integrated current can, in principle, depend
on all velocity components. First, we restrict the current
to the projected velocity in either the first or the second
direction
Y (T1)n (T ) ≡ Y (T ; vn1 ) and Y (T2)n (T ) ≡ Y (T ; vn2 ) (37)
which correspond to a v-order n = 1 and n = 3, respec-
tively. Furthermore, we consider the diagonal current
Y (T3)n ≡ Y (T1)n + Y (T2)n . (38)
As either term can dominate the sum, a lower bound that
is based on the v-order, if existent, must be given by the
smallest bound of the respective terms. This smallest
bound corresponds to the term with the lowest occurring
v-order. In this case, both terms in the current Y
(T3)
n
have the same v-order so that we attribute the v-order
of n to the observable (T3).
We extract the uncertainty product as described in
Sec. IV B. The results of the three currents (T1) – (T3)
for n = 1 and 3 are shown in the both panels of Fig. 3.
The numerical data give a first indication that the re-
spective free diffusion bound for one dimension, plotted
as thick black lines, could be generalized to higher di-
mensions as well.
The apparent validity of the conjecture is surpris-
ing as there is no straightforward mapping of the two-
dimensional diffusion to a one-dimensional problem. Al-
though the Langevin equation decouples for c1 = c2 = 0
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FIG. 3. The uncertainty product Q plotted against dimen-
sionless time τ for diffusion on a torus. Each line corresponds
to one of 250 parameter sets for γ, T and the free parameters
in the force (36). The dark lines correspond to the projected
currents in one direction Y
(T1)
n (T ), Y (T2)n (T ) (see Eq. (37))
while the bright lines give the diagonal current Y
(T3)
n (T ),
Eq. (38), with n = 1 in the left panel and n = 3 in the
right panel. The thick black line depicts the respective free
diffusion bound Q0n that has been conjectured to be a lower
bound for diffusion in one dimension.
and one arrives at effectively two one-dimensional pro-
cesses, the diffusion is a genuine two-dimensional process
in general. One could, however, argue that the addi-
tional degrees of freedom increase the uncertainty prod-
uct. First, there might be dissipation due to directed
motion in a direction that does not contribute to the
considered current, which increases Q. For instance for
the current (T1) the force in the 2-direction contributes
only indirectly to the motion in 1-direction while it di-
rectly increases the entropy production rate σ. Second,
the potential mediates energy transfer between the two
directions, thus increasing the fluctuations and also the
uncertainty for the current in one specific direction.
In principle, one can also consider mixed currents
where both velocities are connected multiplicatively as
in
Y (T ;w(x)vn1 vm2 ) =
∫ T
0
w(x)vn1 v
m
2 dt n,m ∈ N (39)
where one number n or m must be even and the other
one odd in order to maintain the odd character under
time-reversal. One example is the empirical correlation
of the kinetic energy in 1-direction and the velocity in 2-
direction measured along a trajectory. This quantity can
be written in the form Y (T ;mv21v2/2)/T . In contrast to
the previously analyzed currents, it is not obvious how
to define the “v-order” of such a current. On the one
hand, one could argue that the odd part v1 does only
8appear in first order. On the other hand, the overall
exponent of velocities is 3 thus suggesting that the un-
certainty product can be estimated better by comparing
with a one-dimensional n = 3 current. We briefly address
this issue exemplarily for the above current.
For a flat potential ci = 0 the uncertainty product
can be solved analytically using the previously derived
differential equations (13) and (14). The corresponding
uncertainty product for arbitrary driving f , as before,
depends on the force. In the equilibrium limit f → 0 the
uncertainty product takes on the form
Q0
(
T ; m
2
v21v2
)
=
2
τ
(
5
3
τ − 11
9
+ e−τ +
2
9
e−3τ
)
(40)
which is larger than both, the uncertainty product ob-
tained for free diffusion of observables of order 1 and 3
in the equilibrium limit
Q0
(
T ; m
2
v21v2
)
≥ Q03(T ; 1) ≥ Q01(T ; 1). (41)
The tighter bound for the n = 3 current can be inter-
preted by considering the correlations between the veloc-
ities. Even when a potential mediates a correlation of the
velocities in different spatial directions, the uncertainty of
the current is still higher than that of a one-dimensional
process where only one velocity exists.
To see whether a bound holds in presence of a potential
as well, we repeat the numerical analysis for the time-
integrated current Y (T ;mv21v2/2) and evaluate 200 ran-
dom parameter sets numerically. All results lie above the
value obtained without an external potential in the equi-
librium limit, Q0 (T ;mv21v2/2). To increase the transfer
of energy between the two spatial directions via the po-
tential we further consider the conservative potential
V (x) = c1 sin(x1 − x2) (42)
which essentially forms a well of lower energy diagonally
along the torus. Here, driving in the direction x1 results
in a consistent motion in the direction 2 and vice versa.
We simulate 100 different parameter sets with random
values c1, f , γ, T , never observing an uncertainty prod-
uct that goes below Eq. (40). This finding suggests that a
lower bound based on free diffusion holds for such mixed
currents as well.
B. The underdamped Brownian gyrator
A model that is conceptually different from diffusion
on a torus is that of a Brownian gyrator. It describes a
charged particle in a two-dimensional harmonic potential
with spring constant k that is driven with a constant
torque κ. The particle is embedded in a medium with
friction coefficient γ and temperature T . Furthermore,
the particle is subject to the Lorentz force in presence of
a magnetic field of strength B. Overall, the motion is
described by the two-dimensional Langevin equation
x˙ = v
mv˙ =
(−k κ
−κ −k
)
x+
(−γ B
−B −γ
)
v + ξ (43)
with the usual statistics for the noise ξ (see Eq. (4)).
The stationary state of the linear Langevin dynamics
(43) can be solved exactly. The covariance matrix C =〈
(x,v)T(x,v)
〉− 〈(x,v)〉2 is given by
C =
T
mφ− κ2m/γ
 γ 0 0 −κ0 γ κ 00 κ φ 0
−κ 0 0 φ
 (44)
with φ ≡ (γk + κB)/m.
A natural current arising in this system is the observ-
able
Y
(G1)
1 (T ) ≡
∫ T
0
dt [x2(t)v1(t)− x1(t)v2(t)] . (45)
which corresponds to the distance travelled in the gyra-
tor. This circular current is also proportional to the work
performed by the torque κ. Since the velocity appears in
first order, the circular current can be regarded as an
n = 1 observable. Using the covariance matrix (44) the
mean value is given by〈
Y
(G1)
1 (T )
〉
= T 2κTγ
m(γφ− κ2) (46)
and using Eq. (8) the entropy production rate can be
expressed as
σ =
κ
T
∂T
〈
Y Gyr1 (T )
〉
. (47)
For small times the variance can be calculated with
Eq. (15)
Var[Y
(G1)
1 (T )] ≈ T 2Var[x2v1 − x1v2] (48)
= T 2
(〈
x22
〉 〈
v21
〉
+ 〈x2v1〉2 +
〈
x21
〉 〈
v22
〉
+ 〈x1v2〉2
)
.
Here, the second line follows from Wick’s theorem and
from 〈x1x2〉 = 〈xivi〉 = 0. Plugging the covariances in
and identifying the mean current, Eq. (46), finally yields
Var[Y
(G1)
1 (T )] = T 2
〈
Y
(G1)
1
〉2 γφ+ κ2
2κ2
+O(T 2). (49)
Combining the cumulants, we can express the uncer-
tainty product in first order in time as
Q(G1)1 (T ) = T
γ
m
γφ+ κ2
γφ− κ2 +O(T
2) ≥ T γ
m
+O(T 2) (50)
where the bound follows from minimizing in κ. More
accurately the minimum is reached in the equilibrium
limit κ→ 0 for arbitrary magnetic field.
9This short-time expansion coincides with the corre-
sponding free diffusion bound (27) to first order in time.
As a result, the conjectured bound (32) holds in the
Brownian gyrator in this order with and without a mag-
netic field. It is due to the ballistic dynamics for small
times, while the effect of the magnetic field sets in on a
larger timescale.
In presence of a magnetic field it is known that the
uncertainty product in the long-time limit can become
lower than 2 and thus violates the conjectured bound for
order 1 currents. This effect has already been discussed
in Ref. [31]. In the following, we therefore consider the
case without a magnetic field B = 0 to investigate the
uncertainty product and its relation to our conjecture
in this system. We numerically compute the finite-time
uncertainty product of Y
(G1)
1 for 160 randomly sampled
parameters (γ ∈ [0.5, 1.5], T ∈ [0.5, 1.5], k ∈ [0.05, 4] and
κ ∈ [0, 2.5]) and plot them with respect to the dimension-
less time τ in the left panel of Fig. 4. In agreement with
our conjecture, all curves lie above the value obtained for
one-dimensional free diffusion.
Motivated by the results for diffusion on a torus, we
repeat the analysis for the more abstract order n = 3
current of the form
Y
(G2)
3 (T ) ≡
∫ T
0
dt
[
x2(t)v1(t)
3 − x1(t)v2(t)3
]
. (51)
Using the same rationale as for the diagonal current on
a torus, we consider this observable a current of v-order
3. The numerical results for 160 parameter sets with
γ ∈ [0.5, 5], T ∈ [0.5, 1.5], k ∈ [0.05, 3] and κ ∈ [0, 2.5]
are plotted in the right panel of Fig. 4. Again, in accor-
dance with the conjecture the uncertainty product does
not become smaller than the value obtained for free dif-
fusion in one dimension in the equilibrium limit.
VI. CONCLUSION
In this article we have addressed the issue of a thermo-
dynamic uncertainty relation for underdamped dynam-
ics. We analyze the finite-time uncertainty product for a
Langevin process for the broad class of time-integrated
observables consisting of the weighted mean of a function
along the trajectory. This weight function can in general
depend on both velocity and position.
By deriving the differential equation governing the
time dependence of the second moment of the observ-
able, we show that generally there exists a short-time,
ballistic regime where the variance scales as second order
in time. As a consequence, the uncertainty of a current
is finite in the short-time limit and thus the uncertainty
product is linear for small times. This linear behavior
is quite different from the overdamped TUR, where the
uncertainty product is larger than 2 for all times.
To get an intuition for the typical time dependence of
the uncertainty product, we have analyzed the arguably
simplest model: free diffusion with drift in one dimension.
0 10 20
τ
0
1
2
3
4
5
6
Q
n = 1
Y
(G1)
1
FDB
0 10 20
τ
0
1
2
3
4
5
6
n = 3
Y
(G2)
3
FDB
FIG. 4. The uncertainty product for the two considered
currents in the gyrator model, Y
(G1)
1 in the left panel and
Y
(G2)
3 in the right panel, plotted against dimensionless time
τ . Each line corresponds to a different parameter set that
was chosen on random in the absence of a magnetic field. The
thick black line depicts the respective free diffusion bound Q0n
that has been conjectured to be a lower bound for diffusion
in one spatial dimension.
We analytically find a qualitative difference between ob-
servables that are odd and observables that are even un-
der time reversal. While the uncertainty product of odd
observables reaches a finite value in the equilibrium limit,
it becomes zero for even observables. This finding under-
lines that the distinction between odd current-like and
even traffic-like observables that has been established for
overdamped dynamics is relevant for underdamped dy-
namics as well.
Based on numerical evidence we conjecture that the
uncertainty product for an odd current with arbitrary
weight function in a one-dimensional periodic potential
is bounded from below by the result obtained for free
diffusion for an observable of same order in the veloc-
ity but constant spatial weight in the limit of vanishing
driving force. The conjectured bound converges to the
overdamped TUR in the corresponding limit, thus sug-
gesting that our conjecture is in fact the underdamped
generalization of the TUR. By design, the bound is sat-
urated for all times for free diffusion and thus is tight.
To our knowledge the conjectured free diffusion bound
is the first bound that can be saturated for the impor-
tant class of currents scaling with the first order in the
velocity. Among this class of currents are, for instance,
the integrated work current or the distance traveled in
some time. Since such quantities can be measured ex-
perimentally, our bound can be used to infer bounds on
the entropy production rate in systems where the latter
is not directly accessible. In this context, it might be
interesting to analyze for which current the conjecture
becomes tightest as it was recently done for overdamped
dynamics [36], especially when the velocity dependence
is taken into account.
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To assess how the conjecture can be generalized to
higher dimensions, we have simulated two exemplary
two-dimensional systems. We find that the results for
free diffusion in one dimension bound the uncertainty
product for these systems as well. The findings indicate,
that it is possible to generalize the free diffusion bound
to higher dimensions. However, further analysis will be
necessary, especially regarding currents that contain ve-
locities of different spatial directions multiplicatively. In
this case, our data suggest that it is possible to get tighter
bounds by adjusting the weight of the free diffusion pro-
cess that is used for comparison.
With our bound being based on the result obtained for
free diffusion, it might be possible to prove the conjec-
ture by modifying the existing proofs for the TUR. These
proofs are based on making suitable ansatzes for the ar-
guments of the large deviation functional or for forces in a
virtual dynamics. Adapting those to the behavior of free
diffusion might lead to a proof of our conjecture. Finally,
the link between free diffusion and the TUR, discussed
here, might also help to better understand and further
tighten existing (overdamped) bounds [5].
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